



































































Scientific Computing
AnnouncementsWednesday April 22

Homework 6 due next Monday April 27

Final Exam Monday 5 4

1pm 3pmOffice HoursJohnston Hall 417Mon 930 1030

Fri 2 00 3

00Cudahy
307






































































a single

lossoutputinput
dataNNweights

and

biasesHow
can we find the inputs that minimize the output

Gradient Descent

Suppose the neural network has weights w1w2ldotswm
and biases b1b2ldotsbn Let l be the mean loss
over the whole batched input

What is nablaNNleftw1w2ldotswmb1b2ldotsbnright
loss of output given these weights biases fixedinput






































































lNNleftw1w2ldotswmb1b2ldotsbnright

_Howwill we

computeCALCULUSspecifically

the CHAIN RULE
nablaNNleftbeginmatrixfracpartiallpartialw1vdotsfracpartiallpartialwmfracpartiallpartialb1vdotsfracpartiallpartialbnendmatrixright






































































First example No AF no hidden layers 3 input I output
only are point of training

datal

X1

0
Training data left112right 1.5

0102080516
x2omega2021 loss

hatyb05
lleft1516right2001w30u

1varepsiloni01w202w30u
x3 Zloss

16b05
2

How do we adjust w1w2w3b to
make l go down for this training data






































































x1

Training data left112right 1.5

when I change w1 a little
how much does

l change

varepsiloni01 l
0.01

x21x32
haty16b05omega202 loss

w30u

llefthaty15right2

Su1fracpartiallpartialhaty2lefthaty15right

Want fracpartiallpartialomega1fracpartiallpartialomega2fracpartiallpartialomega3fracpartiallpartialb
haty1cdotw11cdotw22cdotw3bS0fracpartialhatypartialomega11fracpartialhatypartialomega21fracpartialhatypartialomega32fracpartialhatypartialb1

2cdotleft01right02k

If f changes by d
this causes l to

change by 0.2.8

fracpartiallpartialw1fracpartiallpartialhatycdotfracpartialhatypartialw102cdot102
fracpartiallpartialomega304fracpartiallpartialb02fracpartiallpartialw202






































































x1

Training data left112right 1.5
varepsiloni01 l

0.01

x21x32
haty16b05omega202 loss

w30unablaNNleftbeginmatrixfracpartiallpartialomega1fracpartiallpartialomega2fracpartiallpartialomega3fracpartiallpartialbendmatrixrightleftbeginmatrix02020402endmatrixright

Now adjust each weight
a small amount in this
direction Let's do frac1100

w101 0.098

W202 0.198
W30 y 0 396
b05 0.498






































































x1

Training data left112right 1.5

prov 0.01
w10098haty1 l0007396

x21x32
omega20198

050

6
1586 loss
b0498

Now repeat Compute VNN with these
altered weights adjust by frac1100 of it

and so on

Python demo






































































Training data left112rightrightarrow15

After 100 or so repetitions

x1

varepsilon1frac3351
x21x32

haty15bfrac1735 loss
0omega2frac1370

w3nicefrac335

Easy because only one piece of training data






































































Example 2 Backpropagation on a Batch of
data.Stillno AF

no hiddenlayersTraining
Data

left211rightrightarrow3
left123rightrightarrow4
left115rightrightarrow5

x1

wialphaleft254535righthatyx2

lfrac13left253right2left454right2left355right2w23 loss

b05 0916ldotsx3

leftbeginmatrix211endmatrixleftbeginmatrix123endmatrixrightbeginmatrix115endmatrixright

making the weights whole s for now






































































Example 2 Backpropagation on a Batch of data
x1Training Data

left211rightrightarrow3
left123rightrightarrow4
left115rightrightarrow5

haty1haty2haty3leftbeginmatrix254535endmatrixright
varepsiloni2hatyx2 l0916ldots
w23 loss

b05x3
backslashleftbeginmatrix211endmatrixleftbeginmatrix123endmatrixrightbeginmatrix115endmatrixright

We fed forward now we backpropagate the derivatives

lfrac13leftlefthaty1y1right2lefthaty2y2right2lefthaty3y3right2right
fracpartiallpartialhaty1frac23lefthaty1y1rightcdotleft1rightfracpartiallpartialhaty2frac23lefthaty2y2rightfrac23cdotleft05right

fracpartiallpartialhaty3frac23lefthaty3y3rightfrac23cdotleft15right1

frac23cdotleft05rightfrac13 frac13






































































Example 2 Backpropagation on a Batch of data
x1Training Data

left211rightrightarrow3
left123rightrightarrow4
left115rightrightarrow5

leftfrac13frac131right
varepsiloni2hatyx2 l0916ldots
w23 loss

b05x3leftbeginmatrix211endmatrixleftbeginmatrix123endmatrixrightbeginmatrix115endmatrixright

We fed forward now we backpropagate the derivatives

hatyx1w1x2w2x3w3bfracpartiallpartialhaty1frac13fracpartiallpartialhaty2frac13fracpartiallpartialhaty31
fracpartiallpartialw1 is

different for

each sample
which

makes sense

fracpartiallpartialw1fracpartiallpartialhaty1cdotfracpartialhaty1partialw1frac13cdot2frac23
ORfracpartiallpartialhaty2cdotfracdhaty2partialw1frac13cdot1frac13ORfracpartiallpartialhat3cdotfracpartialhaty3partialomega11cdot11






































































Example 2 Backpropagation on a Batch of data

leftfrac23frac131rightfracpartiallx1partialw1Training Data

left211rightrightarrow3
left123rightrightarrow4
left115rightrightarrow5

frac13frac13 I

varepsiloni2hatyx2 l0916ldots
w23 loss

b05x3
backslashleftbeginmatrix211endmatrixleftbeginmatrix123endmatrixrightbeginmatrix115endmatrixright

We fed forward now we backpropagate the derivatives

fracpartiallpartialhaty31 hatyx1w1x2w2x3w3bfracpartiallpartialhaty1frac13fracpartiallpartialhaty2frac13

fracpartiallpartialw1fracpartiallpartialhaty1cdotfracpartialhaty1partialw1frac13cdot2frac23ORfracpartiallpartialhaty2cdotfracdhaty2partialw1frac13cdot1frac13ORfracpartiallpartialoverliney3cdotfracpartialhaty3partialw11cdot11






































































yExample
2 Backpropagation on a Batch of data

leftfrac23frac131rightx1varepsiloni2x2
Training Data

left211rightrightarrow3
left123rightrightarrow4
left115rightrightarrow5

leftbeginmatrixfrac13frac131endmatrixrightfracdeltalpartialhaty
l0916ldots

loss

haty
w23

leftfrac13frac231rightleftbeginmatrixfrac1315endmatrixrightx3 b05

fracdlpartialbfrac13frac13
We fed forward now we backpropagate the derivatives

hatyx1w1x2w2x3w3b

I

fracpartiallpartialhaty1leftfrac13frac131rightfracpartiallpartialw1leftfrac23frac131rightfracpartiallpartialw2leftfrac13frac231right fracpartiallpartialw3leftbeginmatrixfrac1315endmatrixright
fracpartiallpartialbleftbeginmatrixfrac13frac131endmatrixright






































































Example 2 Backpropagation on a Batch of data

w1leftbeginmatrixfrac23frac131endmatrixrightx1Training Data

left211rightrightarrow3
left123rightrightarrow4
left115rightrightarrow5

leftbeginmatrixfrac13frac131endmatrixrightfracdeltaLdhaty
l0916ldots

loss

varepsiloni2hatyx2
w23

w2leftfrac13frac231right b05

fracdeltalpartialbfrac13frac13
Now we add the gradients from each of the
3 samples together for each weight bias

W3leftbeginmatrixfrac1315endmatrixrightx3 1

bNow

adjust w1w2w3b
bynablacdotfrac1100 and repeatnablaleftbeginmatrix432193frac13endmatrixrightw1w2w3w1

Why The
loss already

has frac13 factor so this additionisreallyaveraging the three gradients






































































Example 2 Backpropagation on a Batch of

data.TrainingData

left211rightrightarrow3
left123rightrightarrow4
left115rightrightarrow5

DemoDemo
3

batch of6Converges to w12167ldots
w22992
w31247omega

b04104ldotsx2 haty
w2 loss

w3 b
and then matches the trainingx3

data perfectly






































































You feed forward training data

Then you compute backward gradients

You adjust the weights biases
accordinglymany

clever ways to do
this beyond just foot

optimizers

Then you feed forward
the same data again
or new data over and
over again Adam optimizer

forward

passbackward

pass

backpropagation






































































Example 3 with more layers
still no activation functions for more just
just 1 sample for simplicityadd them together

to get the V for
weights and biases

asbeforeUW7

5WIb
x1

wabylossU2
3 uh b2

hatzX w6

web5u3

b3

Sample left32rightrightarrowleft14right






































































Sample left32right 14

7

u12

1b1 µ
w7
2 21WI

frac12leftleft211right2left4left4rightright2rightfrac12leftleft22right2left8right2right274

x1 wi3 2 2
wa

hatyb414hatzb53
3

loss

u2lb23
wi07

uh
ltimeslambdaw

642x2
wr5u

3233BackpropFind

fracpartiallpartialw1fracpartiallpartialw2ldotsfracpartiallpartialw12fracpartiallpartialb1fracpartiallpartialb2ldotsfracpartialldeltab5






































































7U
w722Sampleleft32rightrightarrow14 21WI I b

j3x1 We3 22
wa

hatyb414hatzb53
274lossu2

162
Work backward from
the right.W

10I7
uh

v642 we

543233

fracpartiallpartialhaty






































































7U
1 w72Sampleleft32right 14 21w

wi3
1b1

y3x1
22

wa

hatyb414hatzb53
274loss

u2lb23
Work backward from
the right

wi07
uh

ltimeslambda

v64
leftharpoondown2 x2

wr5u3

233fracpartiallpartialhaty
lfrac12leftlefthaty1right2lefthatz4right2rightfracpartiallpartialhatyhaty122






































































7U
1 w72Sampleleft32rightrightarrowleft14right 21w

wi3
1b1

y3x1
22

wa

hatyb414hatzb53
274loss

u2lb23
Work backward from
the right

wi07
uh

ltimeslambda
WGL2x2

wr5u3

233fracpartiallpartialhatzfracpartiallpartialhaty22
lfrac12leftlefthaty1right2lefthatz4right2rightfracpartiallpartialhatzhatz4246






































































7U
W2Sampleleft32rightrightarrowleft14right 21w

We3
I b j3x1 22 wa5

b41
4
hatz
b53

274lossU2
162

Work backward from
the right.wit7uhv642x2 we

543233

fracpartiallpartialhaty22fracpartiallpartialhatz6

fracpartiallpartialomega7fracpartiallpartialhatycdotfracpartialhatypartialomega7 hatyu1cdotw7u2cdotw9u3cdotw11b4

Rightarrowfracpartialhatypartialw7u17






































































7U
W2Sampleleft32rightrightarrowleft14right 21w

We3
I b

j3x1
22 wa5

b41
4
hatz
b53

274lossU2
162

Work backward from
the right.wit7uhv642x2 we

543

fracpartiallpartialhatz6 233

fracpartiallpartialhaty22fracpartiallpartialw7fracpartiallpartialhatycdotfracpartialhatypartialw7227154

hatyu1cdotw7u2cdotw9u3cdotw11b4

Rightarrowfracpartialhatypartialw7u17






































































7U
W2Sampleleft32rightrightarrowleft14right 21w

w2 3
1 b j3x1 22

wa

hatyb414hatzb53
274lossu2

I b2
Work backward from
the right.W

10I7
uh

v642x2 W r

Su3

fracpartiallpartialhatz6 233

fracpartiallpartialhaty22fracpartiallpartialw7154

fracdeltalpartialw8left6rightleft7right42fracpartiallpartialw10left6rightleft22right132fracpartiallpartialw11left22rightleft3right66fracpartiallpartialw12left6rightleft3right18fracpartiallpartialw9left22rightleft22right484






































































7U
W2Sampleleft32rightrightarrowleft14right 21w

W23
I b

j3x1
22 wa5

b41
4
hatz
b53

274lossU2
162

Work backward from
the right.wit7uhv642x2 we

543

fracpartiallpartialhatz6 233

fracpartiallpartialhaty22fracpartiallpartialw7154fracpartiallpartialw9484fracdeltalpartialw1166

fracpartiallpartialw842fracpartiallpartialw10132fracpartiallpartialomega1218






































































7

154w7
2

4842

U1Sample left32rightrightarrowleft14right 21w

wi3
I b1 µ 22

x1

hatyb414hatz6b53

3 22
484274wa

wi0loss7u2Work backward from
the right

132
lb2 Iuhu

lambda

3u32b3
w
642x2

wr518
fracpartiallpartialhatz6

fracpartiallpartialhaty22fracpartiallpartialw7154fracpartiallpartialw9484fracdeltalpartialw1166

fracpartiallpartialbyfracpartiallpartialhatycdotfracpartialhatypartialbleft22rightleft1right22

fracpartiallpartialw842fracpartiallpartialw10132fracpartiallpartialomega1218 hatyu1w7u2w9u3w11b






































































7blue partials
154w7
2

48.4Z

U1Sample left32rightrightarrowleft14right 21w

wi3
1b1 y 22

x1

haty22by14hatz66b53

3 22

484274waloss
u2lb23

Work backward from
the right.wit

1327
uhIWGL2x2 Ñwe

518u3

fracpartiallpartialhatz6 233

fracpartiallpartialb422fracpartiallpartialb56
fracpartiallpartialhaty22fracpartiallpartialw7154fracpartiallpartialw9484fracdeltalpartialw1166

fracpartiallpartialw842fracpartiallpartialw10132fracpartiallpartialomega1218






































































7

154w7
2

omega84z

u1Sample left32right 14 21w

We3
Ib1 µ223x1 haty

22by1
4

hatz6
6b53

22

484274walossU2
162

Work backward from
the right
Next

wid7

uhI
v642 Ñwe

5it43233

fracpartiallpartialW1ldots

mu1omega1X1omega4X2b1
So
fracdeltau1deltaw1x13






































































7

154w7
2
42IU

Sample left32right 14 21w

We3
I b j 22

x1 haty
22by1
4

hatz6
6 b53

3 22

484274walossU2
162

Work backward from
the right
Next

wid7

uhI
v642 Ñwe

5it43233

fracpartiallpartialw1fracpartiallpartialu1cdotfracpartialu1partialw1
not computed yet
mu1w1X1w2X2b1

So
fracdeltau1deltaw1x13






































































74501w7
2

4842

USample left32right 14 21w

We3
I b j223x1 haty

22by1
4
hatz 6
6bs 3

22

484274walossU2
162

Work backward from
the right
Next

wid7

uhI
v642 Ñwe

51843233

fracpartiallpartialw1fracpartiallpartialu1cdotfracpartialu1partialw1 Now we see that
with hidden layes
we also need derivs
of the neuron
values to keep

passing

backwardnot

computed yet
mu1w1X1w2X2b1

So
fracdeltau1deltaw1x13






































































7

154w7
2

omega84z

u1Sample left32rightrightarrowleft14right 21

haty
22

22by1
4

hatz6
6b53

w

We3
I b1 µx13 22484

wa

274loss7u2Workbackward from
the right

4
backslash

o

uh162 I
we
5
it

v64
leftharpoondown2 x2

pi3
43233

fracpartiallpartialw1fracpartiallpartialu1cdotfracpartialu1partialw1






































































7 32
U 454Wy

2
4842

Sample left32rightrightarrowleft14right Z1w

We3
I b j 22

x1 haty
22by1
4
hatz 6
6bs 3

3 22

484274walossU2
162

Work backward from
the right.wid

7

uhI
v64

leftharpoondown2 Ñwe
5183

43233

fracpartiallpartialw1fracpartiallpartialu1cdotfracpartialu1partialw1
Faa di Bruno

formulaMaffects the loss along two paths

mu1overrightarroww7hatyrightarrowl
mu1overrightarroww8hatzrightarrowl

So we have the multivariate chain rule now

fracpartiallpartialu1fracpartiallpartialhatycdotfracpartialhatypartialu1fracpartiallpartialhatzcdotfracpartialhatzpartialu1left22rightcdotleft2rightleft6rightleft2right 32






































































7 32
U 454Wy

2
4842

Sample left32rightrightarrowleft14right 21w

We3
I b j 22

x1 haty
22by1
4

hatz6
6 b53

3 22

484274walossU2
162

Work backward from
the right.wid

7

uhI
v64

leftharpoondown2 Ñwe
518pi3

43233

fracpartiallpartialw1fracpartiallpartialu1cdotfracpartialu1partialw1
So we have the multivariate chain rule now

fracpartiallpartialu1fracpartiallpartialhatycdotfracpartialhatypartialu1fracpartiallpartialhatzcdotfracpartialhatzpartialu1left22rightcdotleft2rightleft6rightleft2right

sqrtfracfracpartialhatydw7u1fracpartialhatydu1w7

32fracpartiallpartialu1W7cdotfracpartiallpartialhatyWgcdotfracpartiallpartialhatzleftbeginmatrixW7Wgendmatrixrightcdotleftbeginmatrixdldhatydeltalpartialhatzendmatrixright






































































7 32
u1 454w7

2
8.4Z

Sample left32rightrightarrowleft14right 21w

wi3
1b1 y 22

x1

haty22by14hatz66b53

3 2 2
484274W
aloss

u2lb23
Work backward from
the right

wi0 I7

uhIw
642x2 Ñwe

5
it

u3

2b3

fracpartiallpartialu1W7cdotfracpartiallpartialhatyW9cdotfracpartiallpartialhatzleftbeginmatrixW7Wgendmatrixrightcdotleftbeginmatrixdldhatydeltalpartialhatzendmatrixrightfracpartiallpartialu2leftbeginmatrixW9W10endmatrixrightleftbeginmatrixpartialldhatypartiallpartialhatzendmatrixrightfracdldu3leftbeginmatrixW11W12endmatrixrightleftbeginmatrixdldhatydeltalpartialhatzendmatrixright






































































7 32
u1 454Wy

2
4842

Sample left32rightrightarrowleft14right 21w

wi3
1b1 y 22

x1

haty22by14hatz66b53

3 2 2
484274W
aloss

u2lb23
Work backward from
the right.w

i07

uhIw
642x2 Ñwe

5
it

u3

2b3

fracpartiallpartialu1W7cdotfracpartiallpartialhatyW9cdotfracpartiallpartialhatzleftbeginmatrixW7Wgendmatrixrightcdotleftbeginmatrixdldhatydeltalpartialhatzendmatrixrightfracpartiallpartialu2leftbeginmatrixW9W10endmatrixrightleftbeginmatrixpartialldhatypartiallpartialhatzendmatrixrightfracdldu3leftbeginmatrixW11W12endmatrixrightleftbeginmatrixdldhatydldhatzendmatrixrightleftbeginmatrixdldn1dldu2dldmu3endmatrixrightleftbeginmatrixw7w8w9W10w11w12endmatrixrightleftbeginmatrixdldhatydldhatzendmatrixright






































































7 32
U 454W7

2
4842

Sample left32right 14 Z1w

We3
I b j 22

x1 haty
22by1
4
hatz 6
6bs 3

3 22

484274walossUz
162

Work backward from
the right.wit

1327
uhI

v642 x2 Ñwe
518u3

2b

3Thevector of derivs of
the neuron values comes
from a matrix operation
between the weights to
the next layer and the
vector of devius of the
next layers neurons

leftbeginmatrixdldmu1dldmu2dldmu3endmatrixrightleftbeginmatrixw7w8w9w10w11w12endmatrixrightleftbeginmatrixdldhatydldhatzendmatrixright






































































7 32
u1 454W7

2
8.4Z

Sample left32rightrightarrowleft14right 21w

wi 3
I b j 22

3x1 haty
22by1
4
hatz 6
6 b53

22

484274walossUz
162

wit1327
uhI
42x2 Ñwe

5
it

leftbeginmatrixdldmu1dldmu2dldmu3endmatrixrightleftbeginmatrixw7w8w9w10w11w12endmatrixrightleftbeginmatrixdldhatydldhatzendmatrixright

weights43233dvaluesd
valuesbiases

W7

b1rightarrowu1rightarrowhaty loss
w8

b1rightarrowu1rightarrowhatzlossbutdon't have to do this much work
because b1 directly only affects u

and now we know fracpartiallpartialu1


