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Topic 16 Loss Functions

Remember our analogy with Linear Regression

time since Jan 1 this year
y temperature on my outdoor

thermometerWe
only have sporadic

readings.Linear
Regression asks what line is

closest to these points
Closest means minimizing the sum of

actual y value predicted y value
over all known points
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Neural Networks are like lines just functions
with knobs to turn to make them match

known data lots more
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0801odot40.3q
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32 knobs in this very small example



Goal Find the best way to tune these 32 knobs
so that when you feed it known input you get
the known output
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07240 l0.4 D0.3 odot
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0801odot40leftharpoonup3q
080037020.1 060102 050.2 0 30.7 0507 020.24
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32 knobs in this very small example



Actual Goal Find the best way to tune the knobs
so that when the NN sees new input data it
produces correct output
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32 knobs in this very small example



How do we measure how good or bad a NN
is in terms of matching known data

Linear Regression Mean Squared Error Σ actual predicted
pts
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32 knobs in this very small example



LossThe
score of a NN relative to particular

training

data.Change
weights or biases loss goes up bad

or down good



LossTwo
types of problems we'll use NNs for

1 Regression predict output values based on
input values

Predict home price based on zip code sqft
bedrooms bathrooms crime rate schoolquality

etc
Predict of bike rentals based on day weather
holiday etc

2 Classification classify input into categories
MNIST digits

Predict whether a patient has diabetes prediabetes
or neither based on health and lifestyle data



We use different loss functions for each type of

problem.Scoring function for
a NN smaller is bette

Regression

Actually first some notation Tleftoverrightharpoonx1overrightharpoony1rightleftt2y2rightldots
The loss function is defined not for one input output
pair at a time but for a whole batch of
input output pairs Remember batching from

our last lectureii

batch of
inputsloss for

that batch
one

batchloss
functionNNof

outputs



batch of
inputsloss for

that batch
one

batch
ofoutputsloss

functionNNRemember
each input is a whole vector one per mput neuron

and same for each output

a e.NN

known

For a batch of size n we call the input vectors X1X2ldotsXn
the expected output y1y2ldotsyn and the actual output
haty1haty2ldotsy ncdot

Training data leftleftx1y1rightleftx2y2rightldotsright all vectors



The goal of a loss function is to measure how far
apart the actual output f is from the desired output
y and training make the loss get smaller



Regression

Loss function 1 Mean Squared Error MSE

For a NN whose output layer has 1 neuron

and for a batch of n input output pairs

single

lOSS frac1nleftsum_i1nleftyihatyiright2right0

uparrowleftbeginmatrixa1b1c1a2b2c2a3b3c3endmatrixrightrightarrowlefthaty1haty2haty3right

beginmatrix000000endmatrix
squared diff between actual
and expectedoutputmean

ofbatchthatover the whole expected

begincasesy11y21y12y22endcases
For a NN whose output layer has k neurons and
for a batch of n input output pains

n3

beginmatrix00endmatrix Yij is the j
th

component of the
vector yi

actual

haty1haty2
0

0000 0 loss frac1ncdotkleftsum_i1nsum_j1kleftyijhatyijright2right0
haty12haty22



Example expected

outputactual

output3

output neurons batch of S inputoutput pairs



Regression

Loss function 2 Mean Absolute Error MAE

For a NN whose output layer has 1 neuron

and for a batch of n input output pairs

lOSS frac1nleftsum_i1nleftyihatyirightright
For a NN whose output layer has k neurons

andfora batch of n input output pains

lOSS frac1ncdotkleftsum_i1nsum_j1kleftyijhatyijrightright
Yij is the j

backslashth

component of the
vector yi



Regression.MSE

More common

Comes from linear regression where it has more

motivation
Penalizes outliers more one really bad prediction is

much worse than two
medium bad predictions

MAE
Less common but not uncommon
Penalizes outliers equally to other points



Regression

Example
off by 4

yleftbeginmatrix11endmatrixright l hatyleftbeginmatrix51endmatrixright

MSEfrac12leftleft51right2left11right2right8
MAEfrac12leftleft51rightleft11rightright2

versuseach off by 2

smallerhatyleftbeginmatrix33endmatrixright
yleftbeginmatrix11endmatrixrightMSEfrac12leftleft31right2left31right2right4MAEfrac12leftleft31rightleft31rightright2

same



ClassificationRecall

that if we are sorting inputs into k classes

e.g 10 digits for MNIST

then there are k output

neurons.Wepass them collectively through the softmax
activation function to turn them into a

probability distribution

10

2

0 5

vdots

Each output in left01right
Outputs sum to 1

vdots7Theta



Previously

Unlike our other activation functions Softmax
works on the whole vector at once not one
value at a time

individually.softmaxwhere

Ssum_i1keXileftbeginmatrixx1x2x3vdotsxkendmatrixrightrightarrowleftbeginmatrixex1sex2sex3svdotsexksendmatrixright

Obvious these add up to 1 because the denominator
is their sum

Obviously 0 because ex0



Previously

Ex

1234 softmax 184 chance

the digit is
a 4

0leftbeginmatrix080703010805endmatrixright
56789 0203006

leftbeginmatrix0037004101110091018403101006100820150endmatrixrightsum_i09exiapprox1206



ClassificationGoal

of a loss function measure the distance between
the actual classification and
the predicted probability distr

1 hot encodinguOO
0 00 0

0010
1 0Ex Actual

Predicted

Anotherpredicted

Second one is much closer to the actual answer so

the loss should be

lower.To
10.01 021 003001011007 0330.030 I

001000100201 092003O



Training dataClassification

Ex
output of NN

0OO 00 01 0Actual

Predicted

Anotherpredicted

To
000301001

0210010110 01

00.07
0330.030 I

0001002 001 092

0.03OLotsof ways to devise a loss function to capture this closeness
The most popular is Categorical Cross Entropy

k10 fordigitsFor1 sample with k outputs

loss sum_i1kyicdotloglefthatyiright
lefty1cdotloglefthaty1righty2cdotloglefthaty2rightldotsykcdotloglefthatykrightright



Classification

Ex Actual

Predicted

Anotherpredicted L

0 0 0 beginmatrix00000endmatrix1Lfrac0

10.01 007003 01 beginmatrix033092endmatrixbeginmatrix0110010210030100200100010endmatrix01 0030

lOSS sum_i1kyicdotloglefthatyiright
0 for the wrong classes
1 for the correct class

So this simplifies to loss loglefthatycright
where hatyc is the confidence

level of the correct class



Classification

Ex Actual

Predicted

Anotherpredicted

O 0 0 00 01To
10.01 beginmatrix00endmatrixbeginmatrix00301endmatrix0010

beginmatrix0210endmatrix
001011007 0330.03O cdot1

00100201 0920030

los sloglefthatycright

lOss logleft033rightapprox048
smaller

loss logleft092rightapprox003



ClassificationFor
the loss of a whole batch of inputs outputs just

average the loss of each input output pair individually
same thing we did for regression

Why this formula
Connections to statistics distance between discrete

probability distributions
Works well in practice



So whether we're doing regression or classification we

have a loss function that measures

for a batch of inputs how far is the actual
from what the training data says it should be

Lower is

better.Goal
pick weights and biases that make the loss as
low as possible on your training data and hope
that the resulting NN performs well on whatever
new data you have for

it.How

do we find good weights and biases



Bad idea Pick random for them over and over

again until some combination is

good.Interesting

Idea Do Hill Climbing or Simulated Annealing
Change same all of the weights and
biases by a little see if the loss of
the new NN is better or worse

This is not ever done in practice and I've

never seen it discussed much Why

My guesses too slow
So many parameters that it's hard
to go downhill

the method people do use isgoodandfast
Next topic Backpropagation
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