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GROWTH RATES OF PERMUTATION CLASSES

For a permutation class C, let C,, denote the set of permutations
in C of length n. It’s natural to ask how quickly the sequence

{[Cal}y2 grows.

The Marcos-Tardos Theorem proved that the growth of every
proper permutation class is at most exponential.

To this end, we define the upper and lower growth rates of a
class C as

gr(C) = limsup /|Cy| and gr(C) = 1in_1>inf V|Cnl.

n—o0

In this context, the Marcos-Tardos Theorem says that gr(C) and
gr(C) are finite. o
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GROWTH RATES OF PERMUTATION CLASSES

When gr(C) = gr(C), we call this quantity that (proper) growth
rate of the class C and denote it gr(C).

It is an open question whether all permutation classes actually
have proper growth rates.

Arratia proved that principally based classes (those of the form
Av(m)) do have proper growth rates.
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The sum of two permutations ¢ and 7, denoted ¢ @ 7, is the
permutation obtained by placing 7 entirely above and to the
right of o.

A permutation which can be written as a sum is called sum
decomposable. Otherwise, it is sum indecomposable.

The skew sum of o and 7, denoted o © 7, is the permutation
obtained by placing 7 entirely below and to the right of o.
The terms skew decomposable and skew indecomposable are defined

analogously.
T T
312 ¢ 2413 = 3125746 312 © 2413 = 7562413
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GROWTH RATES OF PERMUTATION CLASSES

A permutation class is sum closed if c ® 7 € C for all 0,7 € C
(skew closed is defined analogously).

It is not hard to see that if § is sum indecomposable, then the
class Av(f3) is sum closed.

Since every permutation j is either sum indecomposable or
skew indecomposable, every principal class Av(f) is either sum
closed or skew closed.

We can now present Arratia’s proof.
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GROWTH RATES OF PERMUTATION CLASSES

Theorem: Every principal class Av(f3) has a proper growth rate.

Proof. Without loss of generality, assume that 3 is sum indecom-
posable so that Av(/3) is sum closed.

The sum operation defines an injection
@ : Avy(B) X Avy(B) = AVipgn(5),
from which it follows that | Avy,,(8)| > | Avy(B)|] Avy(5)].

Fekete’s Lemma then implies that the growth rate exists (and the
Marcos-Tardos Theorem implies that the growth rate is finite). [J
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Let Av! () be the set of involutions (not a class!) which avoid the
pattern 7.

We will call a set of the form Av/(r) principally based, although
this is a bit disingenuous: when 7 # 71, we have

AVl () = AVi(r,n7Y).

Note that the sum of two involutions is an involution, but the
skew sum of two involutions is not necessarily an involution.

Therefore, an adaptation of Arratia’s result gives:

Theorem: If 3 is sum indecomposable, then Av!(3) has a proper
growth rate.
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INVOLUTIONS

Since not all symmetries preserve involutionhood, there are
more Wilf-equivalence classes:

> Av,ﬁ(ﬁ)‘ — 2" for § € {231,312}

- ‘Avﬂ(ﬁ)‘ - < ) for § € {123,132,213,321}

n
[n/2]

» There are 8 different enumerations of Av!(3) for |3| = 4



ENUMERATIONS (AS PRESENTED BY JAGGARD)

1324 1234 4231 2431 1342 2341 3421 2413

B) 21 21 21 24 24 25 25 24
B) 51 51 51 62 62 66 66 64
|AVL(B)] 126 127 128 154 156 170 173 166
(8)]
(8)]

321 323 327 396 406 441 460 456
820 835 858 992 1040 1124 1218 1234

| AVl (B)] 2160 2188 2272 2536 2714 2870 3240 3454
| AVl (B)] 5654 5798 6146 6376 7012 7273 8602 9600
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ENUMERATIONS (AS PRESENTED BY JAGGARD)

1324 1234 4231 2431

1342 2341 3421 2413

|AVL(3) 21 21 21 24 24 25 25 24
|AVL(B)] 51 51 51 62 62 66 66 64
|AVL(B)] 126 127 128 154 156 170 173 166
|AVL(B)] 321 323 327 396 406 441 460 456
|AVh(B)] 820 835 858 992 1040 1124 1218 1234
|AVi (8)] 2160 2188 2272 2536 2714 2870 3240 3454
( 7012 7273 8602 9600

| AVl ()| 5654 5798 6146 6376

Is Av!(1324) really the smallest?
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BOUNDS ON GROWTH RATES OF INVOLUTION SETS

We can’t find the growth rate of Av/(1324), but we can find a
lower bound on the upper growth rate.

Theorem: If /3 is a skew indecomposable involution, then

gr(AV/(8)) >\ /gr(Av(3)).

Proof. Let = € Av,(B). Since 3 is an involution, 7! also avoids
B, and since f3 is skew indecomposable, T © 71 avoids S.

So, the map 7 + m & 7! is an injection from Av,,(8) to Avb,(3).
gr(AV(8)) = limsup /| Avy, (8)|
> limsup 3/| Av,(B)]

=y/sr(av(p)). O



BOUNDS ON GROWTH RATES OF INVOLUTION SETS

The most recent bounds on gr(Av(1324)) are

9.81 < gr(Av(1324)) < 13.74,
due to Bevan and Boéna.



BOUNDS ON GROWTH RATES OF INVOLUTION SETS

The most recent bounds on gr(Av(1324)) are
9.81 < gr(Av(1324)) < 13.74,
due to Bevan and Béna.
The previous theorem and the lower bound above give:

gr(Av/(1324)) > v/9.81 > 3.13.



BOUNDS ON GROWTH RATES OF INVOLUTION SETS

The most recent bounds on gr(Av(1324)) are
9.81 < gr(Av(1324)) < 13.74,
due to Bevan and Béna.
The previous theorem and the lower bound above give:
gr(Av/(1324)) > v/9.81 > 3.13.

The growth rate of Av/(1234) is known to be 3. So, we expect
Av! (1324) to surpass Avl,(1234) at some point.



BOUNDS ON GROWTH RATES OF INVOLUTION SETS

The most recent bounds on gr(Av(1324)) are
9.81 < gr(Av(1324)) < 13.74,
due to Bevan and Béna.
The previous theorem and the lower bound above give:
gr(Av/(1324)) > v/9.81 > 3.13.

The growth rate of Av/(1234) is known to be 3. So, we expect
Av! (1324) to surpass Avl,(1234) at some point.

(And, the growth rate of Av!(2413) is known to be ~ 3.15, so
unless gr(Av(1324)) < 3.152 < 9.93, Av/(1324) should also
surpass Avl (2413).)
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2431 2341 1342 1234 1324 3421 4231 2413
| AVL ()| 24 25 24 21 21 25 21 24
|AVL(B)] 62 66 62 51 51 66 51 64
AVL(B 154 170 156 127 126 173 128 166
7
Avk(B 396 441 406 323 321 460 327 456
8
| AVA ()| 992 1124 1040 835 820 1218 858 1234
| AV{O (B)] 2536 2870 2714 2188 2160 3240 2272 3454
| AVE(B)] 6376 7273 7012 5798 5654 8602 6146 9600
AV, (8 16238 18477 18322 15511 15272 22878 16716 27246
12
AViL (8 40914 46825 47560 41835 40758 60794 46246 77132
13
| Avh (8)| 103954 118917 124358 113634 112280 161668 128414 221336
|AVis(B)] 262298 301734 323708 310572 304471 429752 361493 635078
|Avig(B)| 665478 766525 846766 853467 852164 1142758 1020506 1839000
\¢
Aviy(8 1680726 1946293 2208032 2356779 2341980 3038173 2913060 5331274
\ 426026! 4614 6536 606 1 6
Avis(B 260262 4944614 5777330 6536382 6640755 8078606 8335405 1555558
Avio (8 10766470 12557685 15082372 18199284 18460066 21479469 24067930 45465412
19
\Avéo (8)] 27274444 31900554 39469786 50852019 52915999 57113888 69646035 133517130
growth rate ? ~2.54 ~2.62 3 (3.13,4.84) ? ? ~3.15



1342- AND 2341-AVOIDING INVOLUTIONS

We find the generating functions for Av/(1342) and Av!(2341) by
using the fact that for any set S of permutations:



1342- AND 2341-AVOIDING INVOLUTIONS

We find the generating functions for Av/(1342) and Av!(2341) by
using the fact that for any set S of permutations:

S = [the single permutation of length 1] U



1342- AND 2341-AVOIDING INVOLUTIONS

We find the generating functions for Av/(1342) and Av!(2341) by
using the fact that for any set S of permutations:

S = [the single permutation of length 1] U
[sum decomposable permutations in S] U



1342- AND 2341-AVOIDING INVOLUTIONS

We find the generating functions for Av/(1342) and Av!(2341) by
using the fact that for any set S of permutations:

S = [the single permutation of length 1] U
[sum decomposable permutations in S] U
[skew decomposable permutations in S] U



1342- AND 2341-AVOIDING INVOLUTIONS

We find the generating functions for Av/(1342) and Av!(2341) by
using the fact that for any set S of permutations:

S = [the single permutation of length 1] U
[sum decomposable permutations in S] U
[skew decomposable permutations in S] U
[inflations of simple permutations of length at least 4 in S].



1342- AND 2341-AVOIDING INVOLUTIONS

We find the generating functions for Av/(1342) and Av!(2341) by
using the fact that for any set S of permutations:

S = [the single permutation of length 1] LI
[sum decomposable permutations in S] U
[skew decomposable permutations in S] U
[inflations of simple permutations of length at least 4 in S].



1342- AND 2341-AVOIDING INVOLUTIONS

We find the generating functions for Av!(1342) and Av’(2341) by
using the fact that for any set S of permutations:

S = [the single permutation of length 1] U
[sum decomposable permutations in S| LU
[skew decomposable permutations in S] LI
[inflations of simple permutations of length at least 4 in S].

As usual, the hard part is counting the simple permutations in
the set and their allowed inflations.
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It turns out that the simple involutions of Av!(1342) coincide
exactly with the simple involutions of Av’(123).

The simple involutions Av/(2341) coincide exactly with the
simple involutions of Av!(123) U {5274163}.



123-AVOIDING SIMPLE INVOLUTIONS

The next step is to enumerate 123-avoiding simple involutions.



123-AVOIDING SIMPLE INVOLUTIONS

The next step is to enumerate 123-avoiding simple involutions.

We must separately keep track of left-to-right minima, right-to-
left maxima, and fixed points.



123-AVOIDING SIMPLE INVOLUTIONS

The next step is to enumerate 123-avoiding simple involutions.

We must separately keep track of left-to-right minima, right-to-
left maxima, and fixed points.




123-AVOIDING SIMPLE INVOLUTIONS

The next step is to enumerate 123-avoiding simple involutions.

We must separately keep track of left-to-right minima, right-to-
left maxima, and fixed points.




123-AVOIDING SIMPLE INVOLUTIONS

The next step is to enumerate 123-avoiding simple involutions.

We must separately keep track of left-to-right minima, right-to-
left maxima, and fixed points.




123-AVOIDING SIMPLE INVOLUTIONS

The next step is to enumerate 123-avoiding simple involutions.

We must separately keep track of left-to-right minima, right-to-
left maxima, and fixed points.




THE STAIRCASE DECOMPOSITION

The 123-avoiding simple permutations were enumerated by Al-
bert and Vatter using the staircase decomposition.



THE STAIRCASE DECOMPOSITION

The 123-avoiding simple permutations were enumerated by Al-
bert and Vatter using the staircase decomposition.

NN
N

7



THE STAIRCASE DECOMPOSITION

The 123-avoiding simple permutations were enumerated by Al-
bert and Vatter using the staircase decomposition.

NN
N

7

To assure that every permutation has a unique way of being
constructed, we require that the first box contains the longest
possible initial decreasing sequence.



THE STAIRCASE DECOMPOSITION

The 123-avoiding simple permutations were enumerated by Al-
bert and Vatter using the staircase decomposition.

NN
N

7

To assure that every permutation has a unique way of being
constructed, we require that the first box contains the longest
possible initial decreasing sequence.

Every subsequent box contains either:
» every entry above and to the right of existing entries, or
» every entry below and to the left of existing entries.
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THE STAIRCASE DECOMPOSITION

To generate these iteratively, we use filled-in dots to represent
actual entries of the permutations and hollow dots that repre-
sent a place where entries must go in the future (to maintain
simplicity).

We find a recurrence for the generating function at each step,
where filled-in dots are represented by x and hollow dots are
represented by v.
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THE STAIRCASE DECOMPOSITION

A hollow dot in one step turns into a decreasing sequence of
arbitrary length in the next step.

Any two of these decreasing entries must be separated by
another entry in the next cell, so we place a hollow dot between
them in the next cell.

We have the option of placing a hollow dot above or to the left
of the first entry.
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THE STAIRCASE DECOMPOSITION

O :> _._ - _._ -
1
y = x+xy+x2y+x2y2+---:M

1—xy
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THE STAIRCASE DECOMPOSITION

This lets us find: Z ylrmin(o) grimax(c) fp(a)

o€AV! (123)
o simple
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Accounting for the involution of length 1, the sum and skew de-
composable involutions, and the inflations of simple involutions
of length at least 4, we find the generating function

x(1—2x+x2+ 1—6x2+x4)
flx) = 2(1— 3x 1 22)

which gives the growth rate

1+ ! +2\/5 ~ 2.62.
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2341-AVOIDING INVOLUTIONS

Accounting for the involution of length 1, the sum and skew de-
composable involutions, and the inflations of simple involutions
of length at least 4, we find a generating function f(x) which is
algebraic, but very long.

The growth rate is an algebraic number of degree 16 with
minimal polynomial

110 —6x P+ 4x 450513 — 141212 +55x 1 1 +326x10 —514x7 —26x8+725x7
—561x% — 223x° + 540x* — 206x> — 113x% + 120x — 32

and is approximately 2.54.



2431 2341 1342 1234 1324 3421 4231 2413
| AVL(B)| 24 25 24 21 21 25 21 24
|AVL(8)] 62 66 62 51 51 66 51 64
| AVL(B)] 154 170 156 127 126 173 128 166
| AVL(B)] 396 441 406 323 321 460 327 456
| AVL(B)] 992 1124 1040 835 820 1218 858 1234
[AVE(B) 2536 2870 2714 2188 2160 3240 2272 3454
|AVL(B)] 6376 7273 7012 5798 5654 8602 6146 9600
|AVL,(8)] 16238 18477 18322 15511 15272 22878 16716 27246

|AVIS(B)] 40914 46825 47560 41835 40758 60794 46246 77132
|AVL,(B)] 103954 118917 124358 113634 112280 161668 128414 221336
|AViS(8)] 262298 301734 323708 310572 304471 429752 361493 635078
|AVIG(B)] 665478 766525 846766 853467 852164 1142758 1020506 1839000
|AVL(B)] 1680726 1946293 2208032 2356779 2341980 3038173 2913060 5331274
|AVig(B)] 4260262 4944614 5777330 6536382 6640755 8078606 8335405 15555586
|AVig(8)] 10766470 12557685 15082372 18199284 18460066 21479469 24067930 45465412
|AVL(8)| 27274444 31900554 39469786 50852019 52915999 57113888 69646035 133517130
growth rate ? ~254 ~2.62 3 (3.13,4.84) ? ? ~3.15
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| Av,(1324)]

| Av, (2413)]

| Av,(1324)]



2_
’ S | AVl (1234)|
| AVl (1324)]
0O+—F——rr—r+—+++—++——+Tr—T—t—T
0 5 10 15 20 25



(2413)|

(1324))
2_
1 (1234)]
| AL (1324))
o+—+————F——+——+—+—+—+———
0 5 10 15 20 25
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also pretty well-structured.

It seems like the simple permutations in Av!(2431) may be those
that can be drawn on the diagram
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CONJECTURES

The simple permutations in the sets Av!(2431) and Av'(3421) are
also pretty well-structured.

It seems like the simple permutations in Av!(2431) may be those
that can be drawn on the diagram

7
1/
N/




CONJECTURES
By calculation, it seems that
Simples (AVI (2431)) — Simples (AVI (1432, 2431, 4132, 4231)) .

There is a close connection between these numbers and the
Motzkin numbers.
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CONJECTURES
By calculation, it seems that
Simples (AVI (2431)) — Simples (AVI (1432, 2431, 4132, 4231)) .

There is a close connection between these numbers and the
Motzkin numbers.

As for Av(3421), it appears
Simples (Av’ (3421)) — Simples (AVI (3421, 4231, 4312, 4321)) .

Since 4321 is in the basis, these permutations can be decom-
posed as the union of three increasing permutations.



CONJECTURES

The set Av!(3421) appears to have the generating function

1—x—43+ (1 —x)vV1—4x2
2(1 —x)(1 —2x — x2 — 2x3)

(agrees up to 25 terms), which yields a growth rate of ~ 2.66 and
so is overtaken by Av!(1234) at some point.



2431 2341 1342 3421 1234 1324 4231 2413

| AVE4(B)] 40914 46825 47560 60794 41835 40758 46246 77132

| AVE,(B)] 103954 118917 124358 161668 113634 112280 128414 221336
| AViS(8)] 262298 301734 323708 429752 310572 304471 361493 635078
| AVE(B)] 665478 766525 846766 1142758 853467 852164 1020506 1839000

AV (B 1680726 1946293 2208032 3038173 2356779 2341980 2913060 5331274
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23

| AVE(B)| 1117997364 1327735500 1846667206 2854820376 3192727797 3548148478 5135622924 10182891552

\% 1086 4 6 67591
Avhs(8)| 2827910868 3372334557 4829188144 7590820575 9043402501 10122789960 30267591290
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| AVE4(B)] 40914 46825 47560 60794 41835 40758 46246 77132
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|AVig(B)| 4260262 4944614 5777330 8078606 6536382 6640755 8335405 15555586

|AVig(B)] 10766470 12557685 15082372 21479469 18199284 18460066 24067930 45465412

Avho (B 27274444 31900554 39469786 57113888 50852019 52915999 69646035 133517130
20

|AVE(B)] 68956648 81021172 103120888 151859593 ~ 142547559 148551532 203046400 392841336

AV, (B)] 174619096 205805457 269892878 403792010 400763223 429756305 593174577 1160033656
22

Avhs(8)| 441605616 522718064 705520028 1073654591 1129760415 1216856079 1743666189 3432015726
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K
2431 2341 1342 3421 1234 1324 4231 2413
| AVE4(B)] 40914 46825 47560 60794 41835 40758 46246 77132
| AVE,(B)] 103954 118917 124358 161668 113634 112280 128414 221336
| AViS(8)] 262298 301734 323708 429752 310572 304471 361493 635078
| AVE(B)] 665478 766525 846766 1142758 853467 852164 1020506 1839000

|AVE,(B)] 1680726 1946293 2208032 3038173 2356779 2341980 2913060 5331274
|AVig(B)| 4260262 4944614 5777330 8078606 6536382 6640755 8335405 15555586
|AVig(B)] 10766470 12557685 15082372 21479469 18199284 18460066 24067930 45465412
|AVh)(B)| 27274444 31900554 39469786 57113888 50852019 52915999 69646035 133517130
|AVE(B)] 68956648 81021172 103120888 151859593 142547559 148551532 203046400 392841336
| AVE,(B)| 174619096 205805457 269892878 403792010 400763223 429756305 593174577 1160033656
| Avh,(8)| 441605616 522718064 705520028 1073654591 1129760415 1216856079 1743666189 3432015726
| AVE(B)| 1117997364 1327735500 1846667206 2854820376 3192727797 3548148478 5135622924 10182891552
| Avhs(B)| 2827910868 3372334557 4829188144 7590820575 9043402501 10122789960 30267591290




AL

r ~ K
2431 2341 1342 3421 1234 1324 4231 2413
| AV113(ﬁ>| 40914 46825 47560 60794 41835 40758 46246 77132
|AvL(3) 103954 118917 124358 161668 113634 112280 128414 221336
AV 5 262298 301734 323708 429752 310572 304471 361493 635078
15
|AvL(8)] 665478 766525 846766 1142758 853467 852164 1020506 1839000
AVL(3)| 1680726 1946293 2208032 3038173 2356779 2341980 2913060 5331274
17
| Avlls ( 8 >| 4260262 4944614 5777330 8078606 6536382 6640755 8335405 15555586
|Avl(3)] 10766470 12557685 15082372 21479469 18199284 18460066 24067930 45465412
AV 5 27274444 31900554 39469786 57113888 50852019 52915999 69646035 133517130
20
|AVL(8)] 68956648 81021172 103120888 151859593 142547559 148551532 203046400 392841336
Avh(3)| 174619096 205805457 269892878 403792010 400763223 429756305 593174577 1160033656
22
AV} 5 441605616 522718064 705520028 1073654591 1129760415 1216856079 1743666189 3432015726
23
| Av£4 (B)| 1117997364 1327735500 1846667206 2854820376 3192727797 3548148478 5135622924 10182891552
V" 1086 4 6! 6 1
Avbs(3)| 2827910868 3372334557 4829188144 7500820575 9043402501 10122789960 30267591290




Thanks for coming. Any questions?
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