MATH 4670 / 5670 — COMBINATORICS
HOMEWORK 3

Spring 2024

assigned Wednesday, February 21
due Wednesday, March 6, by the beginning of class

This homework covers the material from Sections 1.3, 1.4, and 2.1.

This homework assignment was written in KTEX. You can find the source code on the course website.

All answers must be fully justified to receive credit. Answers without justification will not be consid-

ered correct.

* Questions that ask you to “prove” something or ask you to “give a proof” should be answered with
formal mathematical proofs.

1.

Consider the sets N = {1,2,3,...} and Z = {...,—-2,-1,0,1,2,...}. Come up with a bijection
f :IN = Z, and prove that your function really is a bijection.

* Note 1: It may seem like this is a trick question because IN is a proper subset of Z, but it is not a
trick question.

* Note 2: You don’t necessarily have to describe your function like f(n) = [arithmetic expression of ].
You can use piecewise functions, or words, to define your function, as long as your words are
precise and clear enough to tell me how to compute f for any given input.

The word BOOKKEEPERS and its variants are the only English words that have three double-letter
pairs in a row. How many different ways are there to rearrange the letters in BOOKKEEPERS (not
necessarily making a real word).

How many eight-letter passwords using the letters A-Z are there in which up to one letter is allowed
to be used more than once? This means HVCKEWEFX and FOWFLQAZ and FBHHHRHT are allowed,
but VSSKVRTF and LLLWWWEFW are not.

Give a combinatorial proof of the identity

=G+ (oD () () + (),

Note that we can use summation notation to write this identity as

()=, (5)

Give a combinatorial proof of the identity



6. A “composition of n” is an ordered sum of positive (nonzero) integers that add up to n. For example,
there are eight compositions of 4. They are:

1+1+1+1 3+1 143 2+2
14+142 1+2+1 2+1+1 4

In general, there are 2"~ compositions of 7. Prove this fact in the following way. Let C,, be the set of
compositions of 1, and let S,, be the set of subsets of {1,2,...,1n — 1}. Devise a bijection h : C, — Sy,
describe it, and prove that it’s really a bijection. Then say why this proves that |C,| = 2"~1. For the
sake of concreteness, when you describe your bijection tell me, as an example, which subset it maps
the composition 3 +7 + 1+ 3 + 1 to in the case n = 15.

7. (a) You are at a street corner in a city with a perfectly square grid of roads. You want to go to the
coffee shop that is 4 blocks north and 7 blocks east, and you want to do this by only traveling
north or east, never going south or west. The picture below shows one possible route. How
many possible routes are there?

you
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(b) If the coffee shop is n blocks north and m blocks east, now how many routes are there?

8. Let Py, , be the set of paths from (0,0) to (m, n). (The previous question asks about Py 4 in (a) and Py, ,
in (b).) Let Sy, be the set of committees of size m picked from a group of n 4+ m people. Figure out
a bijection from Py, , to Sy, describe it, and prove that it’s a bijection. For the sake of concreteness,
when you describe your bijection tell me, as an example, where it maps the path shown in the above
picture to for the case m =7, n = 4.



